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1 Introduction 



For a prime number p, let Qp be the field of p-adic numbers. It is defined as the 
completion of the field of rational numbers Q with respect to the non-Archimedean 
p-adic norm | • |p. This norm is defined as follows: |0[p = 0; If any non-zero rational 
number x is represented as x = p'^^, where m and n are integers which are not divisible 
' by p and 7 is an integer, then \x\p = p~'^. It is not difficult to show that the norm 

satisfies the following properties: 

\xy\p = \x\p\y\p, \x + y\p < max{|x|p, \y\p}. 
It follows from the second property that when \x\p 7^ \y\p, then |x-|-y|p = max{|x|p, \y\p}. 
From the standard p-adic analysis [28], we see that any non-zero p-adic number x € Qp 
can be uniquely represented in the canonical series 



00 



:p^J]a,y, 7 = 7WeZ, (1.1) 
i=o 
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where aj are integers, < aj < p — 1, ^ 0. The series (jl.ip converges in the p-adic 
norm because {ajp'lp = p^^ . Set Qp = Qp \ {0}. 

The space consists of points x = {xi, X2, • • • , x^), where Xj G Qp, j = 1, 2, • • • , n. 
The p-adic norm on Qp is 

\x\p := max \xj\p, x G Q". (1.2) 

l<j<n 

Denote by 

B^{a) = {x e q; : \x-a\p<p^}, 
the ball with center at a G Qp and radius p'^ , and its boundary 

S^{a) = {x G Qp : |x - a\p = p^} = B^{a) \ B^^i[a). 
Since Qp is a locally compact commutative group under addition, it follows from the 
standard analysis that there exists a Haar measure dx on Qp, which is unique up to 
positive constant multiple and is translation invariant. We normalize the measure dx 
by the equality 

f dx = |Bo(0)|H = l, 

JBo(O) 

where \E\h denotes the Haar measure of a measurable subset E of Qp. By simple 
calculation, we can obtain that 

\B,{a)\H=P^\ \S,{a)\H=p^''{l-p-^), 
for any a G Qp. For a more complete introduction to the p-adic field, see [2H] or |29j . 

In recent years, p-adic analysis has received a lot of attention due to its application 
in Mathematical Physics (cf. [1], [3], [18], [19], [27] and [28]). There are numerous 
papers on p-adic analysis, such as [T5] and [T6] about Riesz potentials, [2], [5], [22] 
and [31j about p-adic pseudo-differential equations, etc. The Harmonic Analysis on 
p-adic field has been drawing more and more concern ( cf. [20], [21j . [24j . [25], [26] and 
references therein). 

The well-known Hardy's integral inequality [14] tells us that for 1 < g < oo, 

II^^/IIl9(ir+) < ^-3yII/IIl'j(r+), 

where the classical Hardy operator is defined by 

Hf{x) :=- r fit)dt, 
X Jo 

for non- negative integral function / on M''", and the constant is the best possible. 

Thus the norm of Hardy operator on L''(M+) is 

IIP7-II - ^ 

ll-n llL9(R+)-i>L9{R+) — q _ i ' 

Faris (9| introduced the following n-dimensional Hardy operator, for nonnegative 
function / on R", 

^/(^) ^= TTTbT / /(y)^^' ^*/(x):=^/ ^dy, x G M" \ {0}, 

"npl J\y\<\x\ J \y\>\x\ lUl 
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where r2„ is the volume of the unit ball in M". Christ and Grafakos [6] obtained that 
the norm of % and 7i* on L'?(R") are 

II^IIl'?(R")^L9{M") = ||^*||l'?(ir")->L9(R") = 

which is the same as that of the 1-dimension Hardy operator. Obviously, H and 7i* 
satisfy 

[ g{x)'Hf{x)dx= [ f{x)n*g{x)dx. 

In [To], Fu, Grafakos, Lu and Zhao proved that H is also bounded on the weighted 
Lebesgue space L'^ {\x\°' dx) for 1 < g < oo, a < n{q — 1). And 

ll-wll 

^' ' ' ^' ' ' qn — n — a 
It is clear that when a = 0, the result coincides with that we mentioned above. Inspired 
by these results, in this paper we will introduce the definition of the p-adic Hardy 
operator and establish the sharp estimates of their boundedness on L'^{\x\pdx). 

Definition 1.1. For a function f on Q^, we define the p-adic Hardy operators as 
follows 



WW = ^ / fit)dt, xgQ^\{0}, 

kip Jb{0,\x\p) 

n^'*f{x) = f ^dt, xgq;\ {0}, 

Jq^\B{0,\x\p) Flp 

where B{0, \x\p) is a ball in with center at & and radius \x\p. 
The p-adic Hardy operators Ti^ and are adjoint mutually: 

g{x)HPf{x)dx= [ f{x)W'*g{x)dx, 



(1.3) 



V 



when / G L5(Qp and g | + ^ = 1- 

It is obvious that \lHJ'f\ < MP f , where AA'p is the Hardy-Littlewood maximal 
operator [20] defined by 

.M^/(x) = sup \ / / G LL(Qp. 

The Hardy-Littlewood maximal operator plays a very important role in Harmonic Anal- 
ysis. The boundedness of on L'^(Qp) has been solved (see for instance |29j). But 
the best estimate of on L'^(Qp), g > 1, even that of Hardy-Littlewood maximal 
operator on Euclidean spaces is very difficult to obtain. Instead, in Section 2, we 
obtain the sharp estimates of Ti^ (and p-adic Hardy-Littlewood-Polya operator), and 
the norm of Ai^ should be no less than that of H^. In Section 3, we will define the 
commutators of the p-adic Hardy and Hardy-Littlewood-Polya operators, and discuss 
the boundedness of them. One of the main innovative points is that we estimate the 
commutator of Hardy-Littlewood-Polya operator by that of the p-adic Hardy operator. 
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2 Sharp estimates of p-adic Hardy and Hardy-Littlewood-Polya op- 
erators 

We get the following sharp estimates of Ti^ and Ti^'* on L''{\x\pdx). 
Theorem 2.1. Let 1 < q < oo and a < n{q — 1). Then 

1 _ p-n 

\\'H^\\Li{\x\;^dx)^Li{\x\^dx) = \\T~^^'*\\Li{\x\'^dx)^Li{\x\^dx) = q _ n , (2-1) 

w/iere | + ^ = 1. 

When a = 0, we get the following corollary. 

Corohary 2.1. Xei 1 < g < oo. Then 

1 _ p-« 

ll'^^llL9{Q^)^L<J(Qn) = ||^^'*ltL'3(Q^)^L</(Qn) = (2.2) 

1 — P 9^ 

w/iere | + ^ = 1. 

Remark. Obviously, the norm of T-L^ on depends on n, however, the L'^ norm 
of Ti. on is independent of the dimension n. 

The Hardy-Littlewood-Polya's linear operator [^] is defined by 

Tf[x) = / -dy. 

Jo max(x, y) 

In [1], the authors obtained that the norm of Hardy-Littlewood-Polya's operator on 
Li{R+) (see also P. 254 in |17j ), 1< g < oo, is 

IITII 

Ik \\Li(M.+)^Li( 



q-1 

Next, we consider p-adic version of Hardy-Littlewood-Polya operator. We define 
the p-adic Hardy-Littlewood-Polya operator as 

^''^(^) = / /y I I , dy, X e Qp. 

Jq; max(|x|p, \y\p) 

By the similar method to the proof of Theorem 12. H we obtain the norm of p-adic 
Hardy-Littlewood- Polya operator from L'^{\x\pdx) to L^(|x|pdx). 



Theorem 2.2. Let 1 < q < oo and —1 < a < q — 1. Then for any f E L'^{\x\pdx), 

c+1 ^ H ^ ^+1 \\f\\Li(\x\'^dx)- (2-3) 

1 — n 1 \ — n II 
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Moreover, 



x\^dx)^Li{\x\^dx) 



P 



1 



When a = 0, we get the norm of on 



Corollary 2.2. Let 1 < g < oo. Then 



a + l 
1 — P 1 ' 

p)- 



+ 



a + l 
P 1 



1-p 



a+l 



(2.4) 



\\T^\\Li{Qp)^LiiQp) - I 1 



+ 



_i 
p 1 



(2.5) 



P J \ \ — pq \ — p q J 

Proof of Theorem \2.1[ Firstly, we claim that the operator T-L^ and its restriction to the 
functions g satisfying g{x) = g{\x\p^) have the same operator norm on L'^{\x\pdx) In 
fact, set 



f{\x\~'Od^, 



X G 



Sp- 



it's easy to see that g satisfies that g{x) = g{\x\p^) and T-L^g = T-L^f. By Holder's 
inequality, we get 



\Li{\x\^dx) 



< 



\x\pdx 



'dx 



\f{yWdy\x\^--dx 



Therefore, 



\x\^~^dx\fiyWdy 
(1 -p-'^)i \-JQ'^ ■JHp=\y\p y 

\\f\\Li(\x\'^dx)- 

m^fWiHlxl^dx) WHPgh.i \x\^dx) 



WfWLiilxl-^dx) \\9\\Li{\x\^dx) 

which implies that the claim. In the following, without loss of generality, we may 



assume that / G L''{\x\pdx) satisfies that /(x) = f{\x 



-1^ 
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By changing of variables t = \x\p^y , we have 



I f{t)dt 


\ 

\x\pdx 1 


Ib{0,\x\j,) 





5(0,1) 

Then using Minkowski's integral inequality, we get 



f{\x\J-y)dy 



I tjc j dx 



iiwii 



< 



< 



S(0,1) 



, B(0,1) 
^ oo 

E 

1 



\fi\y\;'^)\''\^\pdxj dy 

n \ 

\y\p ' 'dy] \\f\\Li{\x\^dx) 



where ^ + ^ = 1. Therefore, we get 



I - pi i 
jet 

II^^IIl.(| 



k{n-\-OL) \ 

P " dy \\f\\Li{\x\'^dx) 



Li{\x\^dx)^ 

1 -p-" 



On the other hand, for < e < 1, we take 



1 —P" 1 

\-^\p ^ f) 



\x\p > 1. 



Then ||/e||L(|^|arf^) = and 



\xl 



n a__ 



dt. 



Assume \e\p > 1. We have 



llWell 



L<!{\x\^da:) 



> 



i 



9 9 



9 9 



\x\p > 1. 



(2.6) 



|a;|p>|€|p 



dt\ \x\yx\ (2.7) 



l^|p>klp 



I —n — eq 



L 



^<i*ip<i 



\t\p 



dt 
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elli'JdxI^da;) kip / kIp ' ' dt. 

Therefore, 

" " dt < \\W\\Lq(^i^\<^dx)^Li{\x\"dx)\^\p- (2-8) 

T-<l*lp<l 

Now take e = p~^, k = 1, 2, 3, • • • . Then \e\p = > 1. Letting k approach to oo, 

k 

then e approaches to and |e[p = pp'' approaches to 1. Then by Fatou's Lemma, we 
obtain 



a n 



{tip" < ||^^||L9(|a;|2da;)^L9(l2:lg.dx)- (2-9) 

I -pi i' iO<|i|p<l 
Then and ([IJ]) imply that 

1 -p"" 

x\^dx)^Li{\x\^dx) 



a_ n 

I — pi V 



By the similar method, we can also obtain that 



\W'*\\Lii\ x\'^dx)^L^{\x\^dx) 



a n • 

1 — pi~7 

Theorem 12.11 is proved. □ 



Proof of Theorem \2.SX By definition and the change of variables y = xt, we have 



Li{\x\^dx) 



f{y) 



-dy 



I X I p dx 



< 



, max(|x|p, \y\pj 
(X; max(|x|p, |2/|p)'^^j \x\pdx ^ 



\fixt)\ 



max(l, 



-dt Ixl^dx 



By Minkowski's integral inequality, we get 



\\T^f\\Li{\x\'^dx) 



< 



\f{xt)\'i\x\yx 



max(l, 



-dt 



< 



\f{x)\Wdx 



a + l 
<3 



max(l, \t\^ 



-dt 



\\f\\Li{\x\'^dx) 



\t\l 



Qi max(l, \t\p) 



dt. 



(2.10) 



8 



Since 



a-|-l Q+1 a + 1 

+ 00 



/ '^'^ ' dt- y [ '^'^ ' dt I y [ '^'^ ' dt 

Jq; max(l, \t\p) ^f-^^ J max(l, |t|p) ^ max(l, \t\p) 



vfc=— 00 fc=i 

^ I 1 rv-t-1 . ^ rv 



Substituting (i2TT]l into (f230|) shows that ([23]) holds and 



Q + l 



W\\L^(\x\'^dx)^L'i{\x\'^dx) < ( 1 - - ) ( ^+n:Y + ^ ) • (2-12) 



On the other hand, for < e < 1, let 



0, < 1, 



l-Q 



Then = Tzl^, and 



\y\v 
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T^f^ix) = / ^^^^^ dy. 

|y|p>i max(|x|p,|2/|p) 



Set \e\p > 1. We have 



l^|p>klp \j\t\p>j^ max(l,|t|p) 

f K 

j\t\r,>A 



dt. 



LH\x\^dxy IP y 1 niax(l,|t|p) 



Therefore, 



<3 



^ max(l,|t|p)'^* - ll^''ll^''(l-l?<i-)-^i'(l-l?rf-)l 



^ ^ 'e|;. (2.14) 



Now take e = p ^, k = 1,2,3, ■■■ . Then \e\p = p^ > 1. Letting k approach to 00 
and using Fatou's Lemma, we obtain 



9 



a + l 



i_p-Ty Jq; max(l, (2.15) 

Then ([231) follows from (|2J2]) and (|2J5]1 . Theorem [22] is proved. □ 

3 Boundedness of commutators of p-adic Hardy and Hardy-Littlewood- 
Polya operators 

The boundedness of commutators is an active topic in harmonic analysis due to its 
important applications, for example, it can be applied to characterizing some function 
spaces. There are a lot of works about the boundedness of commutators of various 
Hardy- type operators on Euclidean spaces (cf. [11], |12]). In this section, we consider the 
boundedness of commutators of p-adic Hardy and Hardy-Littlewood-Polya operators. 

Definition 3.1. Let b G iioc(Qp)- The commutators of p-adic Hardy operators are 
defined by 

Ulf = bWf -UP{bf), Hl*f = bW^*f-UP'*{bf). (3.1) 

Definition 3.2. Let b E -/^Zoc(Qp)- The commutator of p-adic Hardy-Littlewood-Polya 
operator is defined by 

T^f = bTPf-TP{bf). (3.2) 

In [8], [13] and |23j . the CMO spaces (central BMO spaces) on R" have been in- 
troduced and studied. CMO spaces bears a simple relationship with BMO: g G BMO 
precisely when g and all of its translates belong to BMO spaces uniformly a.e.. Many 
precise analogies exist between CMO spaces and BMO space from the point of view of 
real Hardy spaces. Similarly, we define the CMO'' spaces on Q^. 

Definition 3.3. Letl < q < oo. A function f G ^^^^(Qp) is said to be in CMO'?(Qp, 
if 



\CMOm^) ■= «up I 1^ ^^^1^^ / \J yx) - jB^^o) 

^7(0) 

where 



rdx < oo, 
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Remark 3.1. It is obvious that L~(Qp C SMO(Q^) C CMOi{Q^). 

Since Herz space is a natural generalization of Lebesgue space with power weight, we 
further study the boundedness of commutators of p-adic Hardy and Hardy-Littlewood- 
Polya operators on Herz space. Let us first give the definition of Herz space. 

Let Bk = Bk{0) = {xeQ;: \x\p < p^}, Sk = ^A^fc-i and Xe is the characteristic 
function of set E. 

Definition 3.4. [30J Suppose aGM, 0<g<(X) and < r < oo. The homogeneous 
p-adic Herz space Kr'^{Qp) is defined by 

K^'iQ;) = {/ G lim;) ■■ ii/iIa--(Q5j) < ^} , 

where 

/ +00 
\k = ~OD 

with the usual modifications made when q = oo or r = oo. 

Remark 3.2. Rg'^Q^) is the generalization of L'}{\x\^dx), andKj'^Q'^) = Li{\x\^dx), 
K°'''(Qp = L9(Qn) for allO<q<oo anda£R. 

In what follows, we will not study the best estimates of the two commutators 
mentioned above, instead, we will discuss the boundedness of them. Motivated by |llj . 
we get the following operator boundedness results. Throughout this paper, we use C 
to denote different positive constants which are independent of the essential variables, 
and q' to denote the conjugate index of q, i.e. ^ + ^ = 1. 

Theorem 3.1. Let < qi < q2 < oo, 1< r < oo and b e CMO""^^'t^''''>(Qp. Then 

(1) ifa<^, then is bounded from Kr''^'{Q'^) to K?''^\%); 

(2) if a > then H^* is bounded from K"'^^(Qp to K?'''\q^). 
From Remark 13. 2| we get the following two corollaries. 

Corollary 3.1. Suppose that 1< q < oo and b (£ CAfO'^^^'t5''5>(Q;j). Then 

(1) if a < then T-L^ is bounded from L''{\x\pdx) to L''{\x\pdx); 

(2) if a> —n, then Ti^'* is bounded from L''(\x\pdx) to L''(\x\pdx). 

Corollary 3.2. Suppose that 1 < q < oo and b e CMO'^^^'t«''«>(Q;j). Then both Ul 
and nl'* are bounded from L'i{%) to Li{q^). 
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Due to Theorem 13. H we can also obtain the boundedness of commutator generated 
by p-adic Hardy-Littlewood-Polya operator and CMO function. 

Theorem 3.2. Suppose that < qi < q2 < oo, 1 < r < oo, — ^ < a < and 
b G CMO™^=^{^''''>(Qp. Then is bounded from i^°'''^(Qp to Kr''^^Q'^). 

Corollary 3.3. Suppose that l<q<oo,-l<a<q-landbe CMO'"^^{'?''''>(Qp. 
Then T^ and T^'* is hounded from L''{\x\pdx) to L''{\x\pdx). 

Corollary 3.4. Suppose that 1 < q < oo and b € CMO'^^^'t5'''?>(Qp. Then Tf is 
bounded from ^''(Qp to ^^(Qp. 

To prove Theorem 13.11 we need the following lemmas. 

Lemma 3.1. Suppose that b is a CMO function and 1 < q < r < oo. Then 

CMa'\%) C CAfO«(Q«) and \\b\\cMom-,) ^ McMOr(Q^^y 

Proof. For any b E CMO''(Qp), by Holder's inequality, we have 

Therefore, b € CMO^(Qp) and ||&||cmo9((Q)jj) ^ ll^llcJ\/0''(iQjj)- This completes the 
proof. □ 

Lemma 3.2. Suppose that h is a CMO function, j,k € Z. T/ien 

IKO -bBj< m - bBj+p^\j - kWMcMOHQ-^)- (3.3) 
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Proof. For z G Z, recall that 6^. = j^-^ b{x)dx, we have 



\bB, - bB,+, I < jj^ [ \b{t) - bB,^, \dt < / 

l^ilH JBi \^i+l\H Je 



\b{t)-bB^^,\dt 

(3.4) 



< P"ll^llcAfOi(Q^')- 

For j, /c G Z, without loss of generality, we can assume that j < A;. By (j3.4p we get 

i=k 

The lemma is proved. □ 
Proof of Theorem ] 3 . 1{ Denote f{x)xi{x) = fi{x). By definition 



mif)xk\\ir( 



")= / i^i;™ / f{tmx)-b{t))dt 



dx 



JSk \Jb{o,p'') J 



< 



p-krn f ^ f lf^tmx)-bmdt] dx 

Cp-krn f I f \f(^t){b{x)-bBj\dt\ dx 



Cp-krn I t \f{tmt)-bB,)\dt\ dx 

:=! + II. 

Now let's estimate / and J, respectively. For /, by Holder's inequality + p- = 1), 
we have 

I = Cp-'rn(^j^ |6(x)-6B,rdx) \fit)\dt^ 

< Cp^ / \b{x) - bB, \'dx) X 

W^klH JBk / 



(3.5) 

1 \ r ^ ' 



dt 



j=-oo 



<C\\b\\ 



k 

E(j-k)n 

j=-oo 



For II, by Lemma 13.2^ we get 



= Cp-'rn^'^-{l-p-^) I \fit)m-bB,)\dt 

<Cp^ I [ \f{t)m-bB,)\dt 

\j = ~00 •'^J J 



, j=-oo 



//l + Ih. 



For //i and 1/2, by Holder's inequality, we obtain 

Ih < cp^ 1(^/5 '^^')''^') [is H*)-bB/dty 



j=-oo 



k 



r 



And 



j=-oo 



<C\\b\\ 



CMOHQ^) 



. j=-oo 

(■ fc) 

E '■' IIJjllL'-(Q^) 

j=-oo 



Then (|3.5p - (|3.7p together with Lemma |3. II imply that 

/ +00 N 

p^/iii.--(Q2) = E p'^^'^m^^brnkWi^Q.^ 

\k=—oo / 



1 

92 
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+ 00 



J_ 
11 



\k=—oo 

+00 / k ^"'^ ' 

\^k=—oo \j=—oo 

+00 / k \ \ ''I 

(j-fc)n 



\fc=— 00 \j=— 00 

(+00 / k 

fe=— 00 \ j=— 00 

< C|l^llcMo--{'-'.'-}(Qj) E p'''"^\ E (^-i)^'^^ll/JlU^(QI^) 

\fe=— 00 \j=— 00 

:= J. 

For the case < < 1, since a < p-, we have 

+00 / k 



fe=— 00 \j=—oo 

+00 / fc 



91 



(3.9) 



A;=— 00 j=— 00 

+00 +00 

j=—oo k=j 
For the case gi > 1, by Holder's inequahty, we have 

k 

jagill f .||9i 



^''^ < C'||^||^'^Q^ax{r',r}(Q„) E I E ^^^''^ ' ' H L^CQ?)^ 

A;=— 00 \j 

k ' 
I j = -oo 



"Jl 



(3.10) 



15 



j=-oo 



II llcA^Qmax 
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E 

A;=j 



Then (1) follows from (13.8p . (I3.9P and ([3]). By the similar method, we can get (2). 
Theorem 13. II is proved. □ 



Proof of Theorem \3.S\ By definition, we have 

f{y) 



\TU\ 



max(|x|p, \y\ 



{b{x)-b{y))dy 



< 



m 

B{0,\x\p) \x\p 



(bix) - b{y))dy 



+ 



m 

^\B{o,\x\p) \y\p 



- b{y))dy 



= \nlf\ + \nl'*f\. 

By Minkowski's inequality, we get 



Then Theorem 13.21 follows from Theorem 13. 11 



+ \\n 



(3.11) 



(3.12) 
□ 
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